We study rigid string solutions rotating in AdS 5 × S 5 background. For particular values of the parameters of the solutions we find multispin solutions corresponding to giant magnons and single spike strings. We present an analysis of the dispersion relations in the case of three spin solutions distributed only in S 5 and the case of one spin in AdS 5 and two spins in S 5 . The possible relation of these string solutions to gauge theory operators and spin chains are briefly discussed. 
Introduction
Currently String/gauge theory duality, the idea of which is rooted in [1] , is one of the hottest topics. The explicit form of this idea was provided when Maldacena conjectured the AdS/CFT correspondence [2] . Since then this subject became a major research area and many fascinating discoveries were made in the last decade. It provides a powerful tool for studies and future advances in the understanding of gauge theories at strong coupling.
The best studied example is based on superstring theory on AdS 5 × S 5 background where the corresponding gauge theory is N = 4 superconformal. Recent advances on both, the string and the gauge theory sides of the correspondence have indicated that type IIB string theory may be integrable. This is important for the following reasons. One of the predictions of the correspondence is the equivalence between the spectrum of free string theory on AdS 5 × S 5 and the spectrum of anomalous dimensions of gauge invariant operators in the planar N = 4 Supersymmetric Yang-Mills (SYM) theory. In order to check this conjecture we need the full spectrum of free string theory on a curved space, such as AdS 5 × S 5 , which is still an unsolved problem. In certain limits, [3] , allowing reliability of the semiclassical results on both sides, the techniques of integrable systems have become useful in studying the AdS/CFT correspondence in detail. Assuming that these theories are integrable, the dynamics should be encoded in an appropriate scattering matrix S. This can be interpreted from both sides of the correspondence as follows. On the string side, in the strong-coupling limit the S matrix can be interpreted as describing the two-body scattering of elementary excitations on the worldsheet. When their worldsheet momenta become large, these excitations can be described as special types of solitonic solutions, or giant magnons, and the interpolating region is described by the dynamics of the so-called near-flat-space regime [6, 9] . On the gauge theory side, the action of the dilatation operator on single-trace operators is the same as that of a Hamiltonian acting on the states of a certain spin chain [4] . This turns out to be of great advantage because one can diagonalize the matrix of anomalous dimensions by using the algebraic Bethe ansatz technique (see [5] for a nice review on the algebraic Bethe ansatz). Then one can look for the S-matrix determined in an involving way by the interable structures. The dispersionless scattering described in this approximation hopefully can be extended to the regions where, due to the nature of this duality, validity of the consideration in on one side rules out the validity on the other side of the correspondence. However employing a certain spin chain as a mediator between the two sides of the correspondence seems very helpful. Indeed, in several papers the relation between strings, N = 4 SYM theory and spin chains was established, see for instance [22] , [23] , [24] , [25] and references therein. This idea opened the way for a remarkable interplay between spin chains, gauge theories, string theory 2 and integrability (the integrability of classical strings on AdS 5 × S 5 was proven in [26] ).
All these advantages lead to the idea that it would be useful to look for string solutions governing various corners of the spin chain spectrum. The most studied cases were spin waves in the long-wave approximation corresponding to rotating and pulsating strings in certain limits, see for instance the reviews [19] , [20] , [21] and references therein. Another interesting case are the low lying spin chain states corresponding to the magnon excitations. One class of string solutions already presented in a number of papers is the string theory on pp-wave backgrounds. The latter, although interesting and important, describes point-like strings which are only part of the whole picture.
Let us briefly describe the state of the art. One of the important explicit examples of string solutions corresponding to gauge states of interest are the so called "giant magnon" solutions. The relation between spin chain "magnon" states and specific rotating semiclassical string states on R × S 2 was suggested by Hofman and Maldacena [6] (for an early attempt see also [7] ). As we already pointed out, the investigation of various string solutions which have clear interpretation in terms of gauge theory operators is very important and this motivated the authors of [10] , [11] , [12] , [13] to generalize the results to magnon bound states. The latter are dual to strings on R × S 3 with two non-vanishing angular momenta. Certainly it is of great interest to generalize further these investigations to the cases of multispin magnon states. Such generalization was given in [13] where different giant magnon states with two and more spins were found, moreover the authors considered a string solutions moving on AdS 3 × S 1 i.e. having spins in both the AdS and the spherical part of the background (see also [14] ). These classical string solutions were further generalized to include dynamics on the whole S 5 [15] , [16] and in fact a method to construct classical string solutions describing superposition of arbitrary scattering and bound states was found [17] . The semiclassical quantization of the giant magnon solution was performed in [18] .
As we discussed above, one of the most important characteristics of the solutions of this type are the dispersion relations. To be more concrete, in the case of one spin giant magnon the latter is found in [6] to be:
where p is the magnon momentum which on the string side is interpreted as a difference in the angle φ (see [6] for details). In the multispin cases the E − J relation were studied both on the string [11] , [12] , [13] and spin chain sides [10] .
We will only note that a natural way to extend this analysis is to find giant magnon solutions in backgrounds which, via the AdS/CFT correspondence, are dual to less supersymmetric gauge theories [37] , for instance, the gamma deformed AdS 5 × S 5 background found by Lunin and Maldacena [38] , [39] . Investigations in this direction, were pursued in [40] , [41] (see [42] - [50] for interesting work on semiclassical string dual to marginally deformed N = 4 SYM and [51] for a review).
A more general class of classical string solutions with spikes maybe of interest for the AdS/CFT correspondence since they incorporate the giant magnon solutions as a subclass. These spiky strings were constructed in the AdS 5 subspace of AdS 5 × S 5 [27] and it was argued that they correspond to single trace operators with a large number of derivatives. The spiky strings were generalized to include dynamics in the S 5 part of AdS 5 × S 5 [28] and in [29] closed strings with "kinks" were considered 3 .
Recently a new analysis of the class of spiky string appeared, in [31, 32] , namely, infinitely wound string solutions with single spikes on S 2 and S 3 were found. It can be shown that these solutions can be found in a certain limit of the parameters of a general rotating rigid string. While the interpretation of the giant magnon solutions from the field theory point of view is as of higher twist operators, the single spike solutions do not seem to be directly related to some gauge theory operators. Nevertheless one can speculate on this issue suggesting an interpretation in terms of a spin chain Hubbard model [31] . This means that we are in the antiferromagnetic phase [30, 44] of the corresponding spin chain, but the relation to field theory operators is still unclear.
The single spike solutions possess interesting properties which for instance modify the dispersion relations known from the giant magnon case. For these spiky configurations the energy and "the deficit angle" ∆φ are infinite, but their difference is finite
is the string tension. The angular momenta of the solution are finite and in the case of single spike solution on S 3 their relation
resembles the dispersion relation of giant magnons on S 3 . The single spike solutions have relation to the sine-Gordon model and this could be useful to study their scattering and eventually lead to a better understanding of their properties. It is worth to notice that one can generalize the single spike string solutions to the case of the gamma deformed Lunin-Maldacena background [32] following the analogy with the magnon case [40, 41] . The subject offers many directions for generalizations, for instance in NS5-brane background [34] . Classical membrane solutions with spikes were investigated in [35] .
It seems interesting to study the class of single spike solutions in greater detail and better understand their properties. The purpose of this paper is to present multispin single spike solutions on the AdS 5 × S 5 background which will generalize and extend the result of [31, 32, 33] . Although there is no complete understanding and direct link to the gauge theory operators, the correspondence suggests that they should play important role at the high energy region. There might be a connection to the Hubbard-like spin chain [30, 50, 45] , but by now one can only speculate on these issues.
The paper is organized as follows. In the next Section we concentrate on the following questions. First of all we give a concise review of the giant magnon string solutions. Next we present the scheme of reduction of the string sigma model to Neumann-Rosochatius (NR) integrable system. We discuss in some details the conformal constraints which are intensively used later. Next subsection has the purpose to demonstrate the derivation of the discussed solutions by making use of NR integrable system. Note that although known, not all the solutions were obtained via this reduction. The idea is to treate all the cases using one approach -this of reduction to NR system. In Section 3 we find three spin single spike solutions in two cases. In the first case we restrict the considerations to the case of string configurations in S 5 part of the space-time geometry. The second type of solutions are strings extended in both, the spherical and the AdS part of the space-time geometry. In the concluding section we discuss the results of our study.
2 One and two spin giant magnons and single spikes from strings on AdS 5 × S
5
In this section we present the string solutions known as giant magnons and single spikes with one and two spins. In the first subsection we review the idea of relating certain string solutions to magnon-like dispersion relations and their relation to a class of gauge operators. In the next subsection we present in some details the reduction of string sigma model to the so called Neumann-Rosochatius integrable system. The purpose of this is to use an unified approach in treating the two classes of string solutions. Although the reviewed string solutions are known, not all of them are derived using the reduction to NR integrable system In the next subsection we show how one can derive the reviewed string solution using the reduction to NR system. This can be considered as a worm-up for the derivations in the next section where we consider three spin cases.
Review of one and two spin giant magnon solutions
In this subsection we will present two spin string solutions possessing spikes. These can be divided in two subclasses -"giant magnon" solutions and the so called "single spike" solutions. We start first with a short paragraph describing the idea of giant magnons in string theory [6] and then present two spin solutions.
Giant magnons from strings on AdS 5 × S
5
First of all let us review the idea of Hofman and Maldacena [6] of obtaining "giant magnon" string solutions. It comes with a simple analysis of the gauge theory operators of specific type modeled by long spin chain composites. Namely, let us look at a special class of gauge invariant operators which are characterized by an infinite value of one of the SO(6) charges J and have finite value of E − J. When E −J vanishes the operator is composed of a chain of J operators, namely:
On this infinite "chain" we can consider a finite number of fields Y which can be interpreted as propagating excitations. The corresponding operator takes the form:
Where the summation is over all possible positions on the chain where Y can be inserted. This picture on the gauge side has a description in terms of spin chains [4] . The operators Z represent the ground state of the chain and the Y 's correspond to magnon excitations.
Using supersymmetry arguments Beisert [8] was able to find the following dispersion relation for the magnon excitations:
Here p is the magnon momentum and the periodicity in p is due to the discreteness of the spin chain. The large 't Hooft coupling limit of the above relation is:
Hofman and Maldacena were able to reproduce the above relation from string theory on a R × S 2 subspace of AdS 5 × S 5 . They considered a simple string with both ends rotating on the equator of S 2 with constant separation between the ends ∆ϕ. The crucial step was to identify this angle difference with the momentum of the spin chain magnon ∆ϕ = p. In order to be able to reproduce exactly the magnon dispersion relation the following limits are considered:
We note that a closed folded string configuration with one angular momentum as the one considered in [3] will correspond to a state which is a superposition of two magnons with opposite momenta. The solution we are interested in lives on the R × S 2 background with the metric:
We look for a rotating string solution of the Polyakov action of this model of the form:
Where we have defined the variable y = cx − dt. Here x is a world sheet spatial coordinate with infinite range and c and d are constants. Using the above ansatz it is not hard to integrate the equations of motion and get:
The constants c and d are related to the integration constant θ 0 by:
Now it is easy to see that c 2 − d 2 = 1, this provides us with the necessary condition that the group velocity v = d c is less than one. We are interested in the conserved charges for our system:
Using the above relation we see that
The crucial part of the proposal of Hofman and Maldacena [6] is to make the identification cos θ 0 = sin(p/2). This leads to the conclusion that the dispersion relations of the magnon excitation of the infinite spin chain in the large 't Hooft coupling limit and the rotating string with one large angular momentum are the same. Thus we have outlined the idea in [6] for finding the string dual description of a giant magnon excitation in a certain limit. This opens the possibility for generalizing this construction and studying multi magnon bound states, which are argued to be dual [10] to rotating strings with three angular momenta. We proceed with this analysis in the following sections.
Two spin giant magnons in R × S
3
Here we will present the two spin rotating string solution found in [12] in a slightly different notation which will be more convenient when we analyze the further generalizations. Another advantage is that we will able to describe all the solutions of this type in unified way, namely using appropriate limits of the resulting NR reduction. The rotating string of interest is dual to a bound state of J 2 magnons with charge J 1 . We look for classical string solution on a R × S 3 subspace of AdS 5 × S 5 :
The Polyakov action for this system is:
It can be checked that the following ansatz is consistent with the equations of motion following from the above action and the Virasoro constraints:
Here we have defined a new variable y = cσ − dτ and we work in the conformal gauge t = τ . It is easy to derive the following equations for the unknown functions g 1 (y),g 2 (y) and θ(y):
We can integrate the last equation and find cos θ to be:
It is useful to introduce the notation
and following [6] , we identify sin
with cos θ 0 , where p is the momentum of the magnon (interpreted as a geometrical angle in the string picture). It is clear that once we know the solution θ(y) one can find explicitly the conserved charges of the rotating string:
After a little algebra we arrive at:
From here we extract the dispersion relation for the magnon bound state found in [10] and derived from the string sigma model on R × S 3 in [12] , [13] :
The approach we used here was based on the original considerations in [6] .
Reduction to Neumann-Rosochatius integrable system
Motivated by the considerations made in the case of magnon string configurations [16] , we find it useful to apply the generalized Neumann-Rosochatius(NR) ansatz
for the spherical part of the geometry and
for the AdS 5 piece. Let us restrict our attention here to the spherical part, we will discuss the other part in subsequent sections. The embedding we choose supplies the theory with two types of constraints -those coming from the embedding, namely X a X b η ab = 1, and the conformal constraints. The latter are very important when we are dealing with the Polyakov string action, so let us briefly consider them here.
Conformal constraints in NR
In general the Virasoro constraints can be written as
where we used that t = κτ and the rest of the AdS part is turned off. Using that
one finds for (2.23, 2.24)
Our starting point will be (2.26) which can be rewritten as
For notational simplicity we define
With the help of (2.27) one can eliminate from (2.25) the combination Ξ a . The result is
To obtain purely algebraic relation one can eliminating x ′ ax ′ a from (2.25) to find
After all these manipulations let us write down the final expressions we will use
The Lagrangian
The consistent reduction to the Neumann-Rosochatius interable system requires further specification of the parametrization (2.21). The parametrization we need is defined as
In these variables the Lagrangian takes the following form
It is easy to eliminate the angular degrees of freedom φ a . First we can integrate the equations of motion for φ a to get
where C a are constants of motion. On other hand for r a we get
where we used the equations for φ a (2.35). The net result of this considerations is that we reduced the essential degrees of freedom to r a .
The next step is to obtain the effective theory for r a . The equations of motion for r a can be obtained from the following effective Lagrangian
which is nothing but the well known integrable Neumann-Rosochatius system [36] . One can easily find the corresponding on-shell Hamiltonian which is one of the classical constants of motion
The considerations from now on will be essentially based on the above reduction.
The conformal constraints -second round
As we argued above, the reduction to the string theory with desired properties requires certain ansatz for the string embedding coordinates. Let us examine how the Virasoro constraints look like using this ansatz, this will play an essential role in what follows.
Using the definition Ξ a = 2r 2 a φ ′ a and the equations of motion for φ a (2.35), the second constraint (2.32) can be written in the form
In more details, using that
one can rewrite the first Virasoro constraint (2.31) as
Comparing with (2.38) we observe that the first three terms are exactly the onshell Hamiltonian, i.e.
But according to the second constraint (2.39) we can rewrite the above equation as
One can write then the final form of the Virasoro constraints as
We should also impose periodicity conditions on r a and φ a :
One and two spin cases from NR system
As we discussed above, one can formulate the problem in terms of NR integrable system. In this subsection should be considered as a preparation for the studies in the next section.
Let us consider directly the two spin case (the single spin one can be obtained as a simple limit [16] ). Since we are dealing with the two spin case, the considerations are restricted to S 3 ⊂ S 5 , i.e. to only one independent radial variable, say r 1 (r 2 1 + r 2 2 = 1). One can find the first order equation for r 1 either from the equations of motion(2.36) (integrating them once) or from the Virasoro constraints. The result is
The right hand side determines the turning points r ′ 1 2 = 0 and they are three. In order the string to extends to the equator of the sphere, one must choose r 1 = 1. This choice fixes C 2 = 0 (which can be deduced also requiring regularity at r 1 = 1 for the equations of motion). To find a solution of the type we are looking for, r 1 = 1 has to be double zero of the right hand side of (2.47). The latter conditions leads to the following constraints
which can be obtained either by substituting r 1 = 1 in the right hand side of (2.47) or from the Virasoro constraints. The correct choice for the parameters solving the above equation and giving magnon type string solutions is
With this choice the equation for r 1 becomes
Leaving the details for the Appendix, the final result for the dispersion relation is
which, of course, is the same as (2.20).
The solution in SL(2) sector
It is straightforward to apply the same ideology and obtain analogous solutions in the AdS part of the geometry (including also one angle from the spherical part, 4 Here we set α = 1, which does not affect the considerations 5 See the Appendix for notations and details. φ ). Let us demonstrate how one can find the corresponding result from [16] using the above approach. In terms of NR system, to obtain the solutions in question we make the ansatz
Then the Virasoro constraints become
From here one can easily find 
which is the same as eq(C.6) of [16] . The quantum numbers of interest are given by
Note that in order to find the correct dispersion relations one must regularize the AdS spin S (see [13] for details). The final result is
Two-spin case -spiky solutions
Let us turn to the two spin solutions developing a single spike. This configuration can be realized in terms of the NR integrable system with specific choice of the parameters. The solutions we are looking for are characterized by large quantum numbers, especially large energy. The careful analysis shows (see for instance [16, 32] ) that in order to have such solutions one has to choose the parameters in a specific way.
The "spiky" choice for the parameters, namely the choice giving solutions with a single spike but infinitely wound around the equator, is slightly different from the case of giant magnons. In fact the constraints on the parameters are the same, (2.48), but instead of the choice (2.49), now we choose the other solution to the constraint (2.48)
The equation for the variable r 1 is the same (2.50), but the parameters are dif-
Above we use the following notations
The conserved quantities are (see equations (3.7)-(3.10)
To find finite results (which is so for E − J 1 in magnon case) we consider
For the spins we get
Defining sin γ as
we find
These give the result for dispersion relations as in [31, 32] 
We see that setting J 2 = 0 reproduce the one spin case.
3 Three-spin case
As we discussed in the Introduction, the complete string solution in the full AdS 5 × S 5 geometry is not yet available and the thorough analysis of string solutions of the type we are interesting in is important for description of different corners of the correspondence. Such studies of the string solutions can also serve as strong clue towards obtaining the complete solutions in question.
Having the analysis above it is reasonable to ask whether one can use the NR system to describe all these solutions and find the corresponding dispersion relations. In the case of giant magnons the answer is positive and given in [16] . For single spike it is an open question. The two types of solutions we discussed belong to different corners of the energy scale. Then an interesting question is is it possible to combine the magnon and single spike solution and how such combination would look like?
In this section first we will review the three spin giant magnon solution and will find new single spike solutions with three spins. We will also consider the three spin solution which is a combination of a two spin single spike on S 5 and a giant magnon on AdS 5 .
The solution with three angular momenta in S 5
In this subsection we give a brief review of the giant magnon solution with three non-zero angular momenta obtained in [16] and extend it to the case of "single spike" string solutions. The derivation uses the reduction to the NeumannRosochatius integrable system. With certain choice of the parameters one can find giant magnon solutions. Here we will obtain the choice of the parameters, solutions of the imposed constraints, so that the resulting solutions are of "single spike" type.
The standard approach in solving the NR system is the change the variables passing from three constrained radial variables r a to two unconstrained ones, ζ ± (we put all ω a = 0). This is achieved by introducing ellipsoidal coordinates through the relations:
The two independent variables ζ ± are defined as the roots of the quadratic equation obtained by taking the common denominator on the left hand side and setting the numerator equal to zero. The two roots are such that ω 2 3 < ζ − < ω 2 2 < ζ + < ω 2 1 and one can check that they satisfy the relations:
The inverse transformation can be easily obtained and it reads
Having the correct coordinates respecting the symmetries of the system, one can compute in a straightforward way the Hamiltonian of the NR system in terms of ζ ± :
The standard way to study this system is to use the Hamilton-Jacobi method which allows separation of variables. This approach requires finding a function
If a solution of the form W = W + (ζ + ) + W − (ζ − ) exist we say that the variables separate and the system is integrable in these coordinates 7 . Indeed, if we make this ansatz one can obtain that these two functions satisfy the same equation, i.e. W ± are the same function obtained from integrating the equation 
The equations of motion can be obtained using the standard procedure
where we introduced a new constant U and we see that ξ plays the role of "time" variable. Taking derivatives of W we find
(3.12)
Here the polynomial P 5 (ζ) is the well known polynomial of degree five appearing in the O(6) NR integrable system [36]
The defined integrable system has many solutions which can be obtained using various methods, for example dressing method, Bäcklund transformations etc.. Here we are interested however in particular string solutions. In order to have reliable semiclassical results and to be able to apply the AdS/CFT correspondence we are looking for solutions describing strings with large quantum numbers, say one infinite momentum or "infinitely long" string (a single spike sting). For this to happen the variables ζ ± must reach its extremal values ω 2 2,3 . To satisfy this condition we are forced to choose V and the energy E (or equivalently κ) in such a way that P 5 (ζ) has a double zero at ζ ± = ω 2 2,3 . For this to happen we are forced to choose:
As in the previous section we put α = 1 without lost of generality. This greatly reduce the complexity of the equations we have to solve, namely
A few remarks are in order. We assume that the maximum value of ζ + isζ = ω . In addition we assume that at such point ζ − has an arbitrary valueζ − (ω 2 3 <ζ − < ω 2 2 ) which means that we are free to choose the value of the constant U. From now on we set U = 0. Applying the above settings and using simple manipulations we can rewrite the equations (3.15) and (3.16) in a simplified form
One can integrate these equations using elementary methods. The results are
(3.20)
Now our problem reduces to an algebraic one, by using the above results we find
21)
To simplify further the notations we follow [16] and introduce the quantities
where C i stands for 25) and ξ is assumed to take values in the range (−∞, ∞). Since the quantum numbers are given in terms of the initial variables it is useful to go back from ζ ± to the variables r a . Using the relation (3.3) we find
.
(3.26) One can easily check that the following relations hold
27) 28) and this allows to recast r a into the form
(3.31)
We note again that the choice of parameters κ = ω 1 , β = −
in (3.14) leads to a giant magnon solution, while choosing κ = C 1 , β = −
we find the single spike string solution.
Energy and momenta of the three-spin spikes in S 5
Let us turn now to the dispersion relations. The unified approach of reduction to NR integrable system allows us to perform the analysis in an universal way. Therefore, the calculation of the dispersion relations closely follows the 2-spin case. There we used the conformal constraints and (3.14) to fix the parameters, namely to have single spike solution the parameters were fixed to be κ = C 1 , β = −
In the general case the energy and spins are defined as:
From the previous paragraph we learned that in order to have the particular solution we are looking for one must choose the parameters as in (3.14). Therefore, from now on we take C 2,3 = 0, α = 1 and the angular momenta J 2,3 are simply
(3.34)
The latter can be easily computed with the help of the explicit expressions for r a (ξ), (3.30), (3.31) and the integrals
The result is:
On the other hand the expression for J 1 is more involved. Using the values of the parameters fixed above we get:
Having in mind that 
39)
As we pointed out in the beginning of this section, the frequencies ω a are ordered as follows: ω 3 < ω 2 < ω 1 , which allows the following definitions
In these notations we have the following relation between the spins J a :
The energy of the solution is simply
and it is obviously divergent. However the experience from the two spin case teach us that one should look also at the angle φ 1 around which the string is infinitely wound. The equation of motion for φ 1 (ξ) is given by
In addition we have the parameters fixed as κ = C 1 and β = −
As in the two spin case, one can evaluate the following difference expecting that it is finite
To prove this let us compute the difference E − T φ 1 explicitly . First we mention the relations
which allow to find the differential of the function [E − T φ 1 ](ξ) in terms of the variables
Now we have simply to integrate over ζ ± , the result is:
Using the useful definitions (3.23) we find
This can be written also as
Here we should note that as in the magnon case, this expression was derived for a piece of the string. However as in the magnon case it is straightforward be extended to all values −∞ < ξ < +∞. To do that it is important to carefully take into account the asymptotic behavior of the quantities. In particular, from (3.27), (3.28), (3.24) and β 2 > 1 we learn that (s + s − )(±∞) = s 2 s 3 and (s + +s − )(±∞) = ±(s 2 + s 3 ). Therefore, we conclude that
One can cast this expression in the form:
Note that when C 1 increase, the parameters
decrease, thus we define two auxiliary anglesφ 2,3 as follows
In terms of these angles the finite expression E − T φ 1 takes the form
where we definedθ a = π 2 −φ a . Since 59) and (3.42) for spins (3.37) we get
Therefore from (3.43) we have
Eliminating the angles γ a we obtain:
This result which shares some features with the case of three spin giant magnons. The expressions are quite analogous in sense of composition law. It was expected that this form will hold in our case although this type of excitations are of infinite energy but finite angular momenta! The finite expression (3.58) is obtained extracting the infinite winding number of the string configuration allowing only one spike. One should note also that as in the single two spin cases, the angle entering the dispersion relations isθ a = π/2 − θ a instead of θ a themselves. If we interpret the parametersθ i as the half of quasimomenta 1 2 p i we will have complete analogy with the magnon case interchanging the role of the enerfy and the momentum J 1 . Indeed, the definition ofθ i is analogous to the definition of the correponding parameters. in the magnon case. On this basis one can speculate on the relation to some spin chain, but strong evidences in this direction are still missing. Although it is not clear how exactly and to which gauge theory operators these string solutions are related, it will be interesting to further investigate this type of solutions.
3.2 Three-spin case: spins in both AdS 5 and S
5
As we already discussed in the previous subsection, the singe spike solutions are characterized with infinite energy and, in contrast with the magnon case, finite spins J a . We studied so far only the string solutions in the spherical part S 5 . It it is interesting to investigate the multispin case where some of the spins are in the AdS 5 part. We are going to address this question in the following subsection concentrating on the case when we have two spin single spike excitations in the spherical part and magnon-like excitation in the AdS 5 part.
The ansatz
The embedding of the string in the spherical part will be the same as in the last subsection and for the AdS 5 part we will use the following ansatz
Here we employ the following notations (we use a, b = 0, 1 and l, m = 1, 2)
In this parametrization the embedding is defined by the following constraints
where we explicitly assume restriction to S 3 ⊂ S 5 and AdS 3 . Having all these definitions one can easily write the sigma model string Lagrangian, which takes the form
Following the general procedure of the reduction to the NR system, we integrate once the equations of motion for ϕ a and φ l obtaining
The expressions for the conserved quantities can be easily read off:
69)
70)
Using the equations of motion for ϕ a and φ l (3.67) and the constraints µ 
74)
We should also make use of the Virasoro constraints. In this case these constraints are
Using these expressions, the corresponding equations of motion for µ a and r l can be written as
Again one can ask what is the effective Lagrangian leading to these equations of motion? The answer is that these equations can be obtained from the Lagrangian
which is, of course, NR integrable system. 
One can substitute in the last expression the solutions for ϕ ′ a and φ ′ l to obtain the constraints
where v 0 = κ. These are very important and in order to have consistent dynamics should always be satisfied.
Let us return to the equations (3.78) and (3.79). One can integrate them once getting
Since all the summations are with diagonal metrics η ab and δ lm one can sum correspondingly over the indices the above equations to find
where we used that η ab µ a µ b = −1 and δ lm r l r m = 1 (these eliminate the Lagrangian multipliers Λ andΛ from the equations). We denoted the integration constants by H a and H s .
As we realized above, the constraint (3.83) is not that useful as in the case of motion in S 5 only. From the last equations however we see that the spherical part and AdS part are actually separated. They look like before but the constants on the right hand side, H a and H s , are related though the Virasoro constraints. Roughly, the role of κ (see for instance (2.41)), or of Hamiltonian in this case is played by H a and H s correspondingly. This allows to use the same method to obtain the solutions and dispersion relations, for instance using (2.44, 2.45) but now with H a instead of κ 2 .
Now let us return to the Virasoro constraints. Below we give very detailed analysis of the constraints in this case. Multiplying (3.77) by 2β and subtracting it from (3.76) one finds
Substituting for ϕ ′ and φ ′ from (3.67) we get
which, using (3.86,3.87), can be written as
However due to (3.83) the last two terms in the brackets vanish and we end up with
This is actually the way the dynamics in the two part of the geometry is related.
We now proceed with the analysis of S 5 part which is actually reduced to S 3 ⊂ S 5 . Therefore we have to repeat the analysis of two-spin case taking into account the above specifics. To make considerations closer to that case we define
Choosing one of the turning points to be at r 1 = 1 (or r 2 = 0 which means θ = π/2). This means that in (3.87) one must choose C 2 = 0. Indeed, one can use that r 
8 One should not confuse k with κ! which rules out non-trivial C 2 . Next, expressing ρ ′2 as
The second zero at r 1 = 1 can determine the relations between the parameters, i.e. replacing r 1 = 1 in the square brackets on the right hand side, we get
One can take α 2 = 1 as in a two-spin case, the spiky choice for k and other parameters is
Then the equation (3.94) can be rewrite as
where
= sin 2 θ 0 ,ū < u < 1.
(3.100) Now one can use the expression for the measure (3.99) and the parameter fixings α = 1, β = −
to calculate the conserved quantities J 1 and J 2 on the S 5 part. The result is
Since ω 2 < ω 1 , one can define the ratio ω 2 /ω 1 as
In these notations the relation between the momenta J 1,2 becomes
One can apply analogous analysis to the AdS part of the geometry. Let us write again the equation (3.86) for µ 0
which equivalently can be written as
In the last subsection we discussed in some length the reasons for the choice of the parameters. One can equally well repeat them here and find that the appropriate choice for A 1 is A 1 = 0. It is then useful to work in notations where µ 2 0 = z and analyze the pole structure ensuring solutions of the type we are looking for. Written in terms of z, the equation of motion contain information for both partsspherical and AdS, through the conformal constraints. Below we give the details.
First of all it is useful to define µ 2 0 = cosh 2 ρ = z and rewrite the above equation (3.105) as
106) The requirement to have double zero in z = 1 ensuring large energy limit leads to the relation
where we used the constraints (3.91) and (3.92). If we go back to the relation (3.95), one can easily find an important relation between the parameters of S 
where we define 0 <z =
The integration measure then is determined to be
Using the expressions for the spin S (3.73), the energy (3.72) and (3.109) we find the relations:
Combining all these we obtain the following relation between the full energy and the spin on the AdS part
As in the case of single spike in the spherical part, the following difference is finite (see the two-spin case) Using the equation for φ 1
the expression for the integration measure dξ on the S 5 part (3.99) and the relations (3.109) we find
On the other hand the S spin contribution to the string energy is expressed through (3.111) as
However, this integral diverges because the rotating long string stretches to the boundary of AdS 3 . Following the prescription of ref. [13] we subtract the divergent term to have a regularized value S reg
from which v 1 is obtained to be
Combining (3.120) and (3.121), the S spin contribution is expressed as a magnonlike dispersion relation . Finally, we have the following dispersion relation
Several comments are in order. First of all, we point out that the string excitations in the two parts of the geometry are of different type. While for those in the AdS part there is good understanding from the point of view of AdS/CFT, the excitation in the spherical part of the geometry are still not well understood. One possible relation to the gauge theory suggests description in terms of a Hubbard-like spin chain model, see for instance [45] .
Conclusions
In this paper we find and study multispin rotating string with spikes. First we give concise review of "spiky" solutions of the so called magnon type. These solutions are very important for understanding the detailed mechanism of AdS/CFT correspondence. They correspond to long gauge theory operators, as discussed in the Introduction. The exact maps between dispersion relation of string solutions and the anomalous dimensions of the gauge theory operators is in the core of AdS/CFT correspondence and to establish the latter it should be extended to wider energy scales. Moreover, such studies give strong arguments for conjecturing the exact form of the scattering matrix governing the correspondence. The latter is based on integrable structures on the both sides of the correspondence. In view of this we approach the problem of finding certain type of solutions, single spike solutions, using a reduction to the Neumann-Rosochatius integrable system. It turns out that all magnon type solutions can be obtained from this system using a certain choice of the parameters describing the families of solutions, which we demonstrated to be true for the class of solutions we are interested in. A brief review of this approach is presented in Section 2. In the next Section we give some details of the two spin solutions of both types -magnon and single spike solutions.
The main results of this paper are given in Section 4 where we derive three spin spiky string solutions. There are two cases we investigate in this Section. First we obtain a three spin single spike solution for strings extended only in the S 5 part of the geometry. We find the dispersion relations in this case, which, on the basis of AdS/CFT, is supposed to describe the anomalous dimensions of certain gauge theory operators. The form of the dispersion relation is similar ro that for the case of giant magnons, but there is an essential difference. In this case all the angular momenta are finite while the energy is still very large. The finite quantity which make senses to deal with is the "regularized" expression for the energy, namely, we subtract from the "bare" energy the (infinite) winding number given by the angle difference ∆φ and obtain a finite expression. Physically this procedure makes sense, but since the angular momenta are finite (and the energy infinite) one cannot directly relate the results from the string side to certain gauge theory operators. To do that one must study the upper part of the energy spectrum which is conjectured to be described by Hubbard-like spin chain [31, 45, 30, 50, 44] . Certainly it will be of great interest to develop this approach further and find an appropriate mechanism to describe this part of the spectrum. Another three spin solution we investigate is a single spike string with two spins on S 5 and one magnon excitation in the AdS 5 part of the space-time geometry. Beside the issues described above, here we have an additional magnon type excitation in AdS 5 . The latter belongs to the lower part of the spectrum but still has effective (non-negligible) contribution to the dispersion relations. It would be interesting to identify the gauge theory operators corresponding to this type of string solutions.
Certainly the spiky string solutions are interesting not only because of their close relation to the giant magnon solutions on the string side. However their interpretation in the dual gauge theory is not that obvious and needs further investigation. First of all, it would be interesting to further explore the power of integrable system techniques and apply the "dressing method", used by Volovich and Spradlin for giant magnons (or Bäcklund transformations), to find multisolitonic extensions of the spiky strings. It could be expected that the giant magnon and single spike solutions on AdS 3 are related to the sinh-Gordon model. If so, it should be relatively straightforward to study scattering in terms of the latter and extract useful data which can be helpful for predictions for the general case. The integrable structures emerging in this identification can be indeed very useful. They can be also used in certain sectors of the string/QCD correspondence where the integrability is still preserved. Work on some of these problems is in progress.
Note added: After the submission of our paper to arXiv.org we learned about another paper on strings with large winding [52] . The authors consider the two spin case of single spike strings from the perspective of complex sine-Gordon model and give finite gap intepretations.
In the above we used the equations of motion for the angles (integrated once)
, C l are integration constants (0.7)
The Virasoro contraints can be formulated in terms of r l only, namely The spins J l form the Cartan subalgebra of SO (6) and are defined by
where the following relation holds It is convenient to change the variables to such that respect the symmetry of the problem and then separate the variables. In our case the convenient coordinates ζ ± are the ellipsoidal ones defined by (r Expressing the integrals of motion (0.12) in terms of ζ ± we find the following separable system of equations
(0.14)
where P 5 (ζ ± ) is fifth degree polynomial containing the constants of motion. One can use these equations to obtain the different types solutions we are looking for.
Parameter fixing in two spin cases
Here we will present some details of the computations we skipped in the main text, namely the choice of the parameters in the diffrent cases.
In general one can integrate once the equation of motion (3.78), (3.78 ) and analyze in which case one can find solutions of the type we are looking for. To simplify the considerations we will restrict ourself to the case of S 3 ⊂ S 5 . In this case we can even easily find the equation for, say, r 1 , the only independent dynamical variable, using the Virasoro constraints (for instance (2.38) we get
Then the measure becomes
Some comments are in order. We choose the minus sign taking square root of (2.50) because β ≥ α = 1 and starting fromū the derivative increases in order realizing a spike pointing towards the north pole. Actually u runs fromū to 1 and back toū realizing in the meantime (infinte) windings around φ 1 .
To obtain the angle difference ∆φ 1 (actually this is the winding number) we have to evaluate the integral T ∆φ 1 = C 30) which is the final answer.
One can extend the considerations to the full S 5 part or SdS 5 part of the geometry using the same technology.
